DIFFERENTIAL GERSTENHABER ALGEBRAS AND GENERALIZED 
DEFORMATIONS OF SOLVMANIFOLDS 



HISASHI KASUYA 



Abstract. We consider differential Gerstenhaber algebras (DGA) of solvmanfiolds with 
complex stuructures and symplectic structures respectively. We give explicit finite dimen- 
sional subDGAs of such DGAs such that the inclusions induce cohomology isomorphisms. 
By this result, we study the generalized Kuranishi spaces of solvmanifolds with left-invariant 
complex structures. In particular we extend Rollenske's results of stability of symmetry 
property of nilmanifolds and of estimations of smoothness of Kuranishi spaces of complex 
parallelizable nilmanifolds, to spacial classes of solvmanifolds. By the result in DGAs of 
solvmanifolds, we also give explicit finite dimensional cohcain complexes which computes 
the holomorphic poisson cohomology of nilmanifolds and solvmanifolds. We also give classes 
of Pscudo-Kahler solvmanifolds whose mirror images in the sense of Merkulov are themselves. 

1. Introduction 

Let (M, J) be a complex manifold. We consider the space A°'*(M, f\ Ti i0 M) of (0, *)- 
differential forms with values in the holomorphic tangent poly- vector bundle with the Schouten 
bracket [•] and the Dolbeault operator d. We denote dG r (M, J) = ® p+q=r A°<i(M, /\ p T h0 M). 
Then (dG*(M, J), A, [•],$) is a differential Gerstenhaber algebra (shortly DGA). 

Let (N,ui) be a symplectic manifold. We consider the 2- vector field uj^ 1 as a poisson struc- 
ture. Then the space dG* (N, lu^ 1 ) = C°°(N,/\TN) of the poly- vector fields with the Schouten 
bracket [•] and the differential [u)' 1 * ] : dG*(N,uj- 1 ) -> dG* +1 (N, uj- 1 ) is a DGA. Regarding 
uj as the isomorphism lj : TN -» T*N, the space dG*(N,uj) — A*(N) of the differential forms 
with the bracket induced by the Schouten bracket is a DGA. 

Let G be a simply connected solvable Lie group with a lattice (i.e. cocompact discrete 
subgroup) T. In this paper, we consider the DGA dG*{G/T,J) (resp. dG*(G/T,uj)) of a 
solvmanifold with a complex (resp. symplectic) structure J (resp. Li). In the previous papers 
[TT] . [12] j!3j . the author study the de Rham cohomology of general solvmanifolds and the 
Dolbeault cohomology of some classes of solvmanifolds with left-invariant complex structures. 
By using these results, in this paper we construct explicit finite dimensional sub-DGAs of 
dG*(G/T,J) and dG*(G/T,uj) such that the inclusions induce cohomology isomorphisms. In 
this paper we apply such sub-DGAs to the following two theory. 

1. Generalized deformation. Consider the generalized complex structure J induced 
by the complex structure J. By the generalized Kuranishi space constructed by dG* (M, J) , 
we study small deformations of the generalized complex structure J ([8]). In this paper, by 
the above results, we see that small deformations of generalized complex structures which are 
given by left-invariant complex structures on solvmanifolds are controlled by finite dimensional 
DGAs. In particular, under some conditions, we prove that certain symmetry properties (not 
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only left-G-invariance) are preserved under small deformation as similar to Rollcnske's results 
for deformations of complex structures on nilmanifolds in |22j and we can estimate the smooth- 
ness of generalized Kuranishi space as similar to Rollenske's results for complex parallelizable 
nilmanifolds |23j . 

Moreover, we give examples of non-Kahler complex solvmanifolds with trivial canonical 
bundles whose generalized Kuranishi spaces are smooth. 

2. Holomorphic poisson cohomology Let (M, J) be a compact complex manifold. A 
bi- vector held /i e C°°(/\ Ti^M) is called holomorphic poisson if 8fi = and [/j, • /i] = 0. 
Let \i be a holomorphic poisson bi-vector held fj, on M. Then we can define the cohomology 
determined by fi which is isomorphic to the Lie algebroid cohomology of generalized complex 
structure given by fj, (see [15]). Unlike real poisson cohomology, this cohomology is always hnitc 
dimensional (see [15]). In this paper, by the results in DGAs of solvmanifolds, we show that 
the holomorphic poisson cohomologics of nilmanifolds and solvmanifolds are computed by some 
hnite dimensional cochain complexes. 

3. Weak mirror symmetry. A pair of a complex manifold (M, J) and a symplectic 
manifold (A, w) is called a weak mirror pair if two DGAs dG r (M,J) and dG*(N,uj) <£> C are 
quasi-isomorphic ([H],[T7]). We are interested in a pseudo-Kahler manifold (M, to, J) such that 
"self mirror" occurs i.e. (M,oj) and (M, J) is a weak mirror pair. Pseudo-Kahler nilmanifolds 
with self mirror have been found in [20], [2] and [3]. In this paper, we give classes of Pseudo- 
Kahler solvmanifolds with self mirror. 

2. Notation and Conventions 

• " DG A" means " differential Gerstenhaber algebra" . 

• "DGrA" means "differential graded algebra". (We must distinguish DGA and DGrA.) 

• " DBiA" means " differential bi-graded algebra" . 

• We write [n] ={l,2,... ) n} = {a6 Z >0 |a < n}. 

• For a multi-index / = . . . , i p }, products through / are written shortly, for examples, 
olx o^ii ' • ■ • i xj — A Xi 2 A ■ ■ • A Xi p etc. 

3. DGAs of Lie algebras 

Let G be a simply connected Lie algebra with a left-invariant complex structure J. and fj 
the Lie algebra of G. Consider the decomposition g C = g^o © 0o,i where g lj0 (resp. 0o,i) 
is the \/— 1-eigenspace (resp. 1-cigenspace) of J. Then we can define the bracket [•] on 

= 0i,o © s5,i as 

[X + x • Y + y] = [X, Y] + i x dy ~ iydx 
for X, Y £ gi o, x, y € Qq ± where d is the exterior differential which is dual to the Lie bracket. 
Extending this bracket on /\(qi,o © 0i o) an d considering the Dolbeault operator 8, (A(0i,o © 
0i,o*), A, [•], 8) is a DGA. We denote this DGA by dG*{g, J). 

Remark 1. Suppose (G, J) is a complex Lie group. Then since gi : o and Qq 1 consist of holomor- 
phic vector helds and anti-holomorphic forms respectively, we have ixdy = and 8 X = for 
A € fji.o and y € 0q l- Hence we regarding A0i,o as a DGA with trivial differential and AoS l 
as a DGA with trivial bracket, we have 

dG*{g,J) = /\ 01,0® /\ 05,i 
as a tensor product of DGAs. In particular we have 

p q r 

i/\ 01,0 ® A 8o,i ' A A 1 - ® A 8o,il = °- 
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We suppose G has a lattice (i.e. cocompact discrete subgroup) T. Then we have the inclusion 
dG* (q, J) C dG* (G/r, J) of DGA. 
We use the following theorem: 

Theorem 3.1. ([TJ Theorem 3.1]) Let G be a simply connected In- dimensional nilpotent Lie 
group with a left invariant structure J. Then we have d(/\ gl ) = 0- ^ n particular for a lattice 
T, the canonical bundle /\"T* G/r of the nilmanifold G/T is trivial. 

By this theorem we have 

Corollary 3.2. Let G be a simply connected 2n- dimensional nilpotent Lie group with a left 
invariant structure J. We suppose that the inclusion /\* 0i,o® A* 0o l A* : * (G/T) induces an 
isomorphism 

H* § >*(g)~H* § >*(G/r). 
Then the inclusion dG*(g,J) C dG*(G/T, J) induces a cohomology isomorphism. 

Proof. Fix p E N. We consider the natural C-linear isomorphism /\ p gi.o — A™ P Qio given by 
the pairing 

p n—p n 

A fli.o x A 0i,o -> A 0to- 

By theorem 13.11 this isomorphism induces an isomorphism f\fTxfiG/T = f\ n P T^ G/T of 
holomorphic vector bundles, and hence induces an isomorphism 

p 

(A°<*(G/r,f\T h0 G/r),d) - (A n -*>*(G/r),8). 

Now we have the commutative diagram 

A"~Vi,o ® A* 00,1 A»-**(G/r) 

A p fli.o ® A* 05,i (G/r, A p T lt0 G/T). 

Since the inclusion A"~ P 0i o® A* 0o.i C A" _p '*(G/r) induces a cohomology isomorphism, the 
inclusion A P 01,0 ® A* 0o,i C A°<* (G/r, A P 7i, G/r) does so. Hence the corollary follows. □ 

Theorem 3.3. Let G be a simply connected nilpotent Lie group with a lattice T and a left- 
invariant complex structure J. Then the inclusion f\ 01,0 ® A* 00 1*- A*'* (G/T) induces an 
isomorphism 

H* 8 '*( B )=H* B '*(G/T). 

if (G, J, T) meet one of the following conditions: 

(N) The complex manifold (G/T, J) has the structure of an iterated principal holomorphic 
torus bundle 

(Q) J is a small deformation of a rational complex structure i.e. for the rational structure 
0q C g of the Lie algebra q induced by a lattice T (see [21] Section 2}) we have J(qq) C 0q 
(®)- 

(C) (G, J) is a complex Lie group ([24]). 
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4. Generalized deformations 

4.1. DGA and generalized Kuranishi space. Let (M, J) be a compact n-dimensional com- 
plex manifold. We define the generalized complex structure J £ End(TM © T*M) by J = 

( ~ J \ with the maximally isotropic subspace Lj = T 0il M © T£ M in (TM©T*M)®C. 

For e £ C*°°(A 2 i*) = C°°(/\ 2 L) = dG 2 {M,J), we have the new generalized complex 
structure given by the maximally isotropic subspace 

L e = (1 + e)Lj = {E + i E e\E £ Ly} 

if e satisfies the generalized Maurer-Cartan equation 

Be + l[e.e]=0. 

For a Hermitian metric on M, we consider the C-anti-linear Hodge star operator 

i : A *(M,f\T lfi M) -> A n > n -«(M,f\Tl M), 

the adjoint differential operator d* = —*d*, the Laplacian operator O g — d*d + dd*, the space 
H*(M,J) — Ker □ 9 | ( jg»(m,j) of harmonic forms, the orthogonal projection H : dG*(M,J) —> 
H* g (M,J) and the Green operator G : dG*(M,J) -> dG*{M,J). Take a basis rn,...r] k 
of H*(M,J). For parameters i = (ti , . - - , we consider the formal power series <f>(t) = 
4>(ti, . . . , t/-) with values in dG 2 (G/F, J) given inductively by </>i(t) = X)i=i an d 

1 - 

s=l 

For sufficiently small 5 > 0, for \t\ < S, 4>{t) converges. We denote 

Kur 3en (M,J) = {t =(*!,..., t k )\ \t\<5, H([it>(t)»4>(t)])=0} 

Then we have: 

Theorem 4.1. ([8]) Fort £ Kur gen (M, J), 4>{t) satisfies the generalized Maurer-Cartan equa- 
tion. Any small deformation of the generalized complex structure of J is equivalent to a gen- 
eralized complex structure given by the maximally isotropic subspace 

L m = (l + <l>(t))Lj 

for some t £ Kur gen (M, J). 

Suppose the canonical bundle f\ n T-j* M is trivial. Since we have an isomorphism f\ p T* M = 
f\ n ~ p T h0 M by the pairing A : f\ p T^M x f\ n ~ p T? M -> A™7i* M, we can identifies 
(A n '*(M, /\ p Tl M),B) with (A '*(M,/\ n ~ p T h0 M),d). Hence we can regard 

p n—p 

* 9 : A°'i(M,/\Ti fi M) ->■ A°- n -«(M, f\ T 1>0 M) 

and so 

* 3 : dG r (M, J) -> dG 2n - r (M, J) 

Lemma 4.2. Suppose the canonical bundle /\™T 1 * M is trivial. Let C* be a finite- dimensional 
subDGA of dG(M, J) such that *(C*) C C* . Suppose the inclusion C* C dG*{M, J) induces a 
cohomology isomorphism. Then for t £ Kur 9en (M, J), we have 

4>(t) £ C 2 . 
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Proof. By *(C*) C C", we can regard d^ cr and □ fl | . as operators on C* . Since C* is finite 
dimensional, we can easily show the decomposition 

C* = KerL~] fl | c , 8 Im<9| c , Im9* , ■ 

Hence the induced map H*(C*) — > H* (dG* (M, J)) is represented by the inclusion Kerdi c , C 
H*(M,J). Since the induced map H*(C*) -» H*(dG*(M,J)) is an isomorphism, we have 
KerD| c „ = H*(M,J). For ^77* € H 2 (M,J) = KerD| G », since C* is a finite-dimensional sub- 
DGA of dG*(M, J), for a basis (1, • • • > °f , we have </>(t) = ^ 4>i(t)Ci which converges for 
\t\ < 8. hence the lemma follows. □ 

By this lemma we can prove generalized version of Rollenske's result in 22J. 

Theorem 4.3. Let G be a simply connected 2n- dimensional nilpotent Lie group with a left 
invariant structure J. We suppose that the inclusion /\ g^ <g) /\ gjj C A*'* (G/T) induces an 
isomorphism 

H*<*(g)^H*<*(G/r). 

Let J be the generalized complex structure given by J . Then any small deformation of J is 
equivalent to a generalized complex structure which is induced by a left-invariant generalized 
complex structure on G. 

Proof. Take a basis X±, . . . ,X n of fli.o- We consider the left-invariant Hermitian metric g — 
J2 x i%i where xi,...,x n is the basis of g* . Then we have * g (dG*(g, J)) C dG*(g, J). For the 
basis Xt,...,X n ,Xi,...,X n ,xi,...,x n ,xi,...,x n of (g©g*)®Cwe write 

J = V^l^2(Xi <S)x t + x t <S> Xi) - V^1^2(X t <g) Xi + Xi ® Xi) 

By Theorem 14.11 and Lemma 14.21 any small deformation of J is equivalent to 

J = ® x\ + { Xl r ® (xrf) - V=i^xf ® x\ + x\ ® x\) 

where we write E e = E + i e£ for E E L j . Hence the theorem follows. □ 

4.2. Radius of convergence and smoothness. We can prove generalized version of Rol- 
lenske's result in [23] . 

Theorem 4.4. Let G be a n-dimensional simply connected complex nilpotent Lie group with 
a lattice T. Suppose G is v-step i.e. C„-i0 = and C v g — where we denote by g — C^g D 
Cig D C20 • • • the lower central series. Then <p(t) is a finite sum 

V 

i=l 

and we have 

H[<f>(t),4>(t)] = J2 H[<t>i(t), 

In particular 5 = 00 and Kur gen (G /T ', J) is cut out by polynomial equations of degree at most 
v . 
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Proof. By remark [TJ we have 
[dG 2 (Q,J).dG 2 {g,J)} 

1111 2011 

c [A 0i.o ® /\q*o,i • A^° Abs,i] 0[A* x .° ® AfS.i •A* i .° ® Ass,i] 

2 2 

0[A Si." ® A flo.i • A 81,0 ® A So,i]- 
We have d*(A P 0i.o) = for any p E N. Moreover since we have <9i t . = by the 

A 8 0l i 

unimodularity of G, we have d*(/\ p Qx,o <S> A 1 So l) = f° r an y P^N. Hence we have 

1111 
B*G[dG 2 ( Q , J) . dG 2 (g, J)} c [A 0i,o ® A 0o,i • A 0i-o ® A^i]' 
By this, for i > 2 inductively we have 

l 

4>i{t) G Ci_ifli,o ® A8o,i 

for i > 2. Hence we have <p v +x(t) = and [<fii(t), <fij(t)] G Cj+j-ifl^o ® A 1 0o,i f° r i , J > 2 and 
$i(t)] = 0. These implies the theorem. □ 

We consider the special condition which implies S — oo and Kur gen (M, J) is smooth. In 
Section [51 we give a large class of complex solvmanifolds satisfying such condition 

Proposition 4.5. Let (M, J) be a compact complex manifold. Suppose there exists a Hermitian 
metric g on M such that the space Ji g (M, J) is closed under the Schouten bracket. Take a basis 
T/i,... i]k ofH*(M, J). Then we have 

k k 

Kur gen {M, J) = {t = (tx,...,t k )\[Y,Urii»J2 tir li] = Q} 

i=l i=l 

In particular S — oo and Kur gen (G /V ', J) is cut out by polynomial equations of degree at most 
2. 

Moreover suppose the Schouten bracket on H* g (M,J) is trivial. Then Kur gen (G/T, J) is 
smooth. 

Proof. For any parameter t = (tx, ■ ■ ■ , tfc) we have Ei=i ^iVi • S»=i *»'7»] ^ Hg(M, J). Hence 
we have G^ =1 • X^=i hVi] = and so we have <p(t) = ^i=i This implies the first 
assertion of the proposition. Obviously, the second assertion follows from the first assertion. 

□ 

Remark 2. For a compact complex manifold, we consider the differential graded Lie algebra 

A°<*(M,Tx, M) 

of differential forms with values in the holomorphic tangent bundle and the space 

H*(M, J)nA°'*(M,Tx, M) 

of harmonic forms which belong to such sapce. We take a basis a basis rjx, ■ . . ,r]j, . . .rjk of 
U 2 g (M,J) such that rjx, ■ • ■ , f)j is a basis of T-l 2 (M, J) n A°' 1 (M, Tx t oM). Then the subspace 

Kur(M,J) = {t = (t 1 ,...,t j ,0,...,0)\ \t\<6, H{[tjt{t) • #*)]) = 0} 

of Kur(M, J) gen is the usual Kuranishi space (see [TJ] and [5] ). Hence study of generalized 
deformation covers study of usual deformation of complex structures. 
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5. COHOMOLOGY OF HOLOMORPHIC POISSON MANIFOLDS 

Let (M,J) be a compact complex manifold. A bi- vector field \i £ C°°(/\ T\fiM) is called 
holomorphic poisson if dy, = and \p • fi] = 0. Let \x be a holomorphic poisson bi- vector field 
fi on M. Then T*M is naturally a holomorphic Lie algebroid. Since /i € dG*(M,J) satisfies 
the generalized Maurer-Cartan equation, we have the deformed generalized structure given by 
the maximally isotropic subspace L^. Considering the DBiA (A >*{M, /\* T%fiM), 8), by the 
differential operator [/!•] : A°>* {M, f\* T xfi M) -> A°<* (M, f\* +1 T lfl M), we have the double 
complex (A°'*(M, /\* T 10 M),8, Then we consider the following three cohomology: 

• The Lie algebroid cohomology of the holomorphic Lie algebroid T*M. 

• The Lie algebroid cohomology of the algebroid L M (Lie algeboid cohomology of a generalized 
complex manifold see [8]). 

• The total cohomology of the double complex (A '* (M, A* T lfi M), 8, \p»}). 

It is known that, these cohomology are all isomorphic (see [15]). We denote by H*(M,fj,) one 
of these cohomology. We call it the holomorphic poisson cohomology. 

Lemma 5.1. Let C*<* be a sub-DBiA of the DBiA (A°>*(M,/\* T lfi M), 8). We suppose that 
the inclusion C*'* C A '*(M, /\ T\ t oM) induces a d- cohomology isomorphism and for C — 
© P +g=r C p ' q , C* is a sub-DGA ofdG*(M, J). Let \i G C 2,0 be a holomorphic poisson bi-vector 
field. Then the inclusion C*'* C A '*(M, f\ Ti^M) induces an isomorphism between the total 
cohomology of (C*'*, 8, and the total cohomology of (A '* (M, /\* T\$M), 8, [/«•]). Hence 
the total cohomology of (C*'*,d, [/*•]) is isomorphic to H*(M, [i). 

Proof. For the double complexes {C*>*,8, [(!•}) and (A°<*(M,/\* T 1)0 M), 8, we have the 

spectral sequences Et'*{G*'*) and Et'*(A°'*(M, /\* T lfl M)) such that E*{*{C*'*) ^ H£*(C*>*) 
and El'*{A Q '*{M,/\*T lt0 M)) S lf|'*(M, A°'*(M, f\* T li0 M)). Since the inclusion C*>* C 
A°>*(M, A* 7i i0 M) induces a 5-cohomology isomorphism, the inclusion C*<* C A°<*(M, A* T xfi M) 
induces an isomorphism £*'*(C*'*) ^ £*'*(yl '*(M, A* 2i, M)). Hence by [H Theorem 3.5], 
the lemma follows. □ 

By this lemma we have: 

Corollary 5.2. Let G be a simply connected In- dimensional nilpotent Lie group with a left 
invariant structure J. We suppose that the inclusion f\* 0i,q® A 00 l c A*'*(G/T) induces an 
isomorphism 

H* 8 >*(q)^H* 8 >*(G/T). 

Let /i € A 2 0i,o be a holomorphic poisson bi-vector field. Then the inclusion f\* Qi.q<E) A* 0o l C 
A '*(Gr/r, A* Ti t oG/T) induces an isomorphism between the total cohomology of (A* 0i,o ® 
A* 0o i, <9, [/!•]) and £/ie totoZ cohomology of (A 0, *(G/T, /\* Ti.oG/F), 9, [/!•]). Hence the total 
cohomology of (A* 0i,o ® A* 0o i' ^; il 1 *]) * s isomorphic to H*(G/T,fi). 

Proof. In the proof of Theorem 13.21 we showed that the inclusion 

A Si.o ® A fl5,i c A°-*(G/T, A Ti, G/T) 
induces an 9-cohomology isomorphism. Thus we can apply Lemma 15. II □ 
Example 1. Let 
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and G = N x C. Then G admits a lattice V. We take a basis X, Y, Z, W of gi^o such that 
[X, Y] — Z and other brackets are 0, and a basis x, y, z, w of Qq 1 such that dz = —x A y and 
dx = dy = dw = 0. We consider two holomorphic poisson bi- vector fields 

m = x ay + z aw 

and 

fj, 2 = X AZ + Y AW. 

Then by Corollary 1 5. 2 [ we have 

H 1 {G/T,n 1 )^{x,y,iB,Z,W) 

and 

H\G/T,to) = (x,y,w,Y,Z,W). 
Hence we have H*{G/Y,n x ) ^ H*(G/T,fi 2 ). 

Remark 3. /ii and ^2 are induced by holomorphic symplectic forms on G/r. It is known that 
real poisson cohomology of real symplectic manifolds are only de Rham cohomology (see [26]). 
On the other hand, these cohomologies H*(G/T,fii) and ff*(G/r,/i 2 ) are not isomorphic to 
the Dolbeault cohomology H*(dG*(G/T, J)) and we can classify holomorphic symplectic forms 
by using holomorphic poisson cohomology. In Section [51 we give examples of solvmanifolds with 
holomorphic symplectic forms such that the holomoprhic poisson cohomologies are isomorphic 
to the Dolbeault cohomologies. 

6. DGAS AND GENERALIZED DEFORMATIONS OF SOLVMANIFOLDS OF SPLITTING TYPE 

6.1. DGA. In this section, we consider: 

Assumption 6.1. G is the semi-direct product C n <K,pN with a left-invariant complex structure 
J = Jc ffi Jn so that: 

(1) N is a simply connected nilpotent Lie group with a left- invariant complex structure Jn- 
Let a and n be the Lie algebras of C" and N respectively. 

(2) For any t € C n , 4>{t) is a holomorphic automorphism of (N, Jn)- 

(3) <j) induces a semi-simple action on the Lie algebra n of N. 

(4) G has a lattice T. (Then T can be written by T = T' k ^ T" such that V and T" are lattices 
of C" and N respectively and for any t sT the action <p(t) preserves V" .) 

(5) The inclusion f\ n\ ® f\* [ C A*'* (N /Y") induces an isomorphism 

H* B >*(n)^H* s >*(N/r"). 

Consider the decomposition n <£> C = ni,o ® n 0,1 . By the condition (2), this decomposition 
is a direct sum of C"-modules. By the condition (3) we have a basis Yi, . . . , Y m of n 1,0 such 
that the action (f> on m,o is represented by <j>{t) — diag(ai(t), . . . , a m (i)). Since Yj is a left- 
invariant vector field on N, the vector field ctjYj on C" N is left-invariant. Hence we have 
a basis X u ... , X n , a{Yi,. . . , a m Y m of g 1)0 . Let X\,..., x n ,a^[ 1 y 1 , . . . , a^y m be the basis of 
Q* which is dual to Xi, . . . , X n , a{Yi, . . . , a m Y m . Then we have 
pip i 

A fl to ® A fl o,i = A^ 1 ' ■ • ■ ' Xn > a i l y^ • ■ • ' a niV™) ® f\(xi, ...,x n , a^ 1 ^, a^y m ). 

Lemma 6.2. ([12l Lemma 2.2]) Let a : C™ ->• C* be a G°° -character o/C". There exists a 
unique unitary character j5 such that aft -1 is holomorphic. 

By this lemma take the unique unitary characters and ji on C™ such that and 
o"7 4 ~ 1 are holomorphic. 
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Theorem 6.3. ([12j Corollary 4.2]) Let B*>* C A*'*(G/T) be the subDBiA of A*'*(G/T) given 
by 

r,v a I -in -l \I\ + \ J\ = P, \K\ + \L\=q ' 

B™ = (x I Aa/p J yjA XK Aa L 1 j L y L 11 1 L x ' ' 

Then the inclusion Bp* C A*'* (G/T) induces a cohomology isomorphism 

H^*(B*'*)=H^*{G/T). 

In this paper we consider the following assumption. 

Assumption 6.4. ar m ] = 1 where we write [rn] = {1, 2, . . . , m}. 

In this assumption, by Theorem 13. 11 we have dy\ m ] = and hence the holomorphic canonical 
bundle of G/T is trivialized by the global holomorphic frame x\ n ] A y\ m ]. Then we have: 

Theorem 6.5. Let G be a Lie group as Assumvtion \6. 1\ with As sumption \6.4\ We define the 
subspace 

C?« = (X X A ajtfYj © x K A a Z W ^ + V [ = P > ^ + W = q ) 

\ iPj 7i)| r = 1 / 

of A°'i{G/T,/\ p T 1 '°G/T). We denote C k = © p+g=fc C p <«. Then (C*,B) is a subDGA of 
dG*(G/T,J) and the inclusion C* C dG*(G/T,J) induces a cohomology isomorphism. 

Proof. We consider the weight decomposition 

/\(m,o © n* A ) = V u 

of C ra -action via </> Since <f>(t) induces a semi-simple automorphism on the DGA A( n i,o © 1*0,1) 
for any t G C™, we have V u A V £j C V^., [V u • V ej ] C V £l£j and B(V H ) C V £l . Taking the 
unitary character Q of C™ such that e-iC^ 1 is holomorphic as Lemma T6. 21 we have 

CW, r =i 

Hence Cp is closed under wedge product. Since tiC,// 1 is holomorphic, we have 

[/\((c-) li0 © (c-)^) © ^cr 1 ^ • A(( C "K° ® ( c ")oa) ® ^%] 

c A(( c "Ko © (c™)5,i) ® e^CV^ 

and 

s(A(( cn )i.o©(c n )s ll )®e i cr 1 v r e *) 

= A(( C ")^o © ( C ")o,i) © CiC 1 ^ C A((C n )i,o © (C")S >X ) © e,C^, 

Hence Cf is a subDGA of dG*(G/T, J). 

We will show that Cp C dG*(G/T, J) induces a cohomology isomorphism. Since the holo- 
morphic canonical bundle of G/T is trivialized by the global holomorphic frame ccr^i A y\ m u we 
have the isomorphism 

p n+m— p 

/\T 1)0 G/r- A T M G / r 

which is given by 

p n-\-m—p 

[\Qi, ?X I Aa J Yj^x I Aa^ ] _ J y.j e A sto- 
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By this isomorphism we have the commutative diagram 

gn+m-p,* ^ J^n+m—p,* ^p^ 



cp<* ^a >*(g/t,/\ p t 1i0 g/t). 

Hence by TheoremE! ** is a subcomplex of A '* (G/T, /\ p T lfl G/T) and the inclusion C£'* C 
A°'*(G/T, /\ p TifiG/T) induces a cohomology isomorphism for each p and this implies the 
theorem. □ 

Remark 4. Consider the following condition: 

(C r ) For r £ N, for any J,Lc [m] with |J| + |£| < r, (^7 1 7i)| r = 1 if and only if 
("jal^lr = !• 

If (aja^ 1 )^ = 1, then aja^ 1 is unitary and we have otjaf^ = fijfif 1 . By this if the condition 
(C r ) holds, then for p,q £ N with p + q < r, we have 

C p ' q = {X T AYj <g> xk A foKaja^ 1 )^ = l) . 

Hence we have an embedding Cp C dG s (C n © n, J) for any s < r. 

6.2. Holomorphic poisson cohomology. We consider the cohomology of holomorphic pois- 
son solvmanifolds. 

Corollary 6.6. Let G be a Lie group as Assumption \6. l\ with Assumption \6.4\ We consider 
the DBiA (C r '*,<9) as Theorem 1 6. 51 Let fi £ Cp be a holomorphic poisson bi-vector field. 
Then the inclusion Cp* C A '* (G/T, /\* Ti^G/T) induces an isomorphism between the total 
cohomology of the double complex (C r '*,<9, [/*•]) and the total cohomology of the double complex 
(A '*(G/T, /\* TifiG/T), d, Hence total cohomology of the double complex (Cp* , d, [/*•]) 

is isomorphic to H(G/T, fi). 

Proof. In the proof of Theorem|631 we showed that the inclusion C r '* C A°-*(G/T, /\* T 1>0 G/T) 
induces a 9-cohomology isomorphism. Thus we can apply Lemma 15. II □ 

6.3. Generalized deformation. Let G be a Lie group as Assumption 16.11 with Assumption 
16.41 We consider the left-invariant Hcrmitian metric 

9 = ^2 XiXi + ^2 a^^ViVi- 
Then the C-anti-linear Hodge star operator 

p n+m—p 

* g :A Q ^(G/T,/\T lfi G/T)^A^ n+m - q (G/T, f\ T lfi G/T) 

is given by 

* g (Xi A ajYj x K A a~j}y L ) = X^-i A a[ m ]-jY[ m ]_j ® S[ n ]_ x A a{^]_x,y[fn]-i- 
Since we have «[ m ]_j = aj 1 and (3[ m ]-,j = Pj , we have 

*(Xi A aj/JjVj ® x K A olJ}^lVl) 

= A[„]_/ A a[ m ]_j^jF[ m ]_j ® S[ n ]-K A aj m ]_ i 7^ y[ m ]_£ 

= -X"[n]-J A a[ TO ]_j^^j_ i/ Yj m ]_j ® 2[„]_K A a^]_ L 7[m]-L2/[m]-L G C* . 
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Hence we have *(C*) C G*. For the above X\,... X n , Yi, . . . , Y m , x\, . . . x n ,yi, ■ • ■ , Vm, the 
complex structure on G is 

J = sf^l^i^ ®Xi+Yi® yi) - sf^i^^ 2i + ^ &')• 
and this gives the generalized complex structure 

J = V^^{X l ®x, + Y l ®y i + x l ®X t + y l ®%)-^/^^{X l ®x l +%®y l + x 
By Theorem 16. 51 Theorem 14.11 and Lemma |4~21 we have: 

Corollary 6.7. Any deformation of the generalized complex structure J is equivalent to 

j = v/^r Yl x i ® < + Y * + &y ® (^) £ + ^») £ ® (^) e ) 

- v^te((^) e ® &y + fry ® + x i ® x ' + vt ® y /)- 

/or some e 6 G 2 where we write E e = E + i^e /or E E Lj. 

We consider the group Aut(AT) ix (C™ x iV) of transformations. Then by C™ ix^ TV 9 (g, x) i-> 
((f>(g),g,x) e Aut(JV) X (C™ x iV), we have the inclusion G C Aut(iV) k (C n x N). Hence we 
can represent G/T = T\(C™ x N). In this representation, the DGA dG*(G/T, J) is represented 
by the space dG*(C n x N,J) r which consists of the elements of dG*(C n x N, J) which fixed 
by the T-action. 

We assume the condition (C2) in Remark @] holds. By 

C%' q = (X I /\Yj®x K /\y L \(a J a£ l )\ r = l) 

for any p,ij e N with p + q < 2, considering the subDGA dG*(C n n, J) of o!G*(C" xN,J), 
we have 

C? c dG* (G/r, J) n dG* (C™ ® n, J). 
By Corollary 17. 4[ we have: 

Theorem 6.8. We assume the condition (C2) in Remark holds. As we represent G/T = 
r\(C" x N), any small deformation of the generalized complex structure J is equivalent to a 
generalized complex structure on T\(C" x N) induced by a (C™ x N) -left-invariant generalized 
complex structure on C™ x TV which is fixed by the T-action. 

Example 2 . Let G = C K & N such that 



N 



( 1 


z 


±z 2 

2 Z 


w 


\ 





1 


Z 


V 










1 


z 




V 








1 





and 4> is given by 
4>(s + V^lt) 
We have a lattice 



/ 1 


z 


2 Z 


«' 






( 1 





1 

















1 











V 








1 


) 




V 



r = (z + \/^Tz) x r" 
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such that 



r" = 



/I 


z 


2^ 


w 


\ 





1 




V 










1 


z 




V o 








1 





z,v,w € (Z + 



-1Z) 



Then 0| r is trivial. Hence the presentation T\(C x N) as above is identified with the nilmanifold 
(C x N)/T. In this case, Theorem 16.81 savs Theorem [ 



We suppose the condition (C r ) holds for any r £ N. Then we have an embedding C* C 
dG*(C n © n, J). Consider the Lie algebra C™ © n with the Hermitian metric 



and the C-anti-linear Hodge star operator 
p q 



E 



u,y, 



n+m— % 



n-\-m—q 

A ( c "©")5,i- 



* h :/\(P l ®n)i,o®f\(<P , ®n)l 1 -> f\ (C"ffln) li0 < 

For C^ q 3 Xi AYj® Xk A j/l, 

* 9 (Xj A Yj ® xa- A y L ) = X [n] _/ A yf m ]_j A y[ m ]_L = A Yj ® i K A 

Consider the nilmanifold (C n x AT) / (T' x T") with the left-invariant Hermitian metric h. Then 
we have Ker □fc| dG » (c „ ffl „ j; = x N)/(T' x T"), J). We we have the commutative diagram 

of inclusions 



C* 



dG* 



© n, J) 



H*(G/T, J) 



tit, 



: n x iv)/(r' x r"), J) 



By this diagram we can take a basis 771, . . . , r)i, . . . , r/k of HI ((C™ x iV) / (r' x T"), J) such that 
rji,...,r)i is a basis of H*(G/T, J). For parameters £ = (ii, . . . , t/t), we consider the formal 
power series = 0(t x , . . . ,t fc ) for the constrution of Kur3 en ((C n x iV)/(r' x T"), J) by 
the basis 771 , . . . , rft , . . . , rjk as Section 14.11 By the inclusion C dG* (C n © n, J) of DGAs, 
for parameters t = (ti, . . . ,ti) the restriction <f)(t\, . . . , tfc, 0, . . . , 0) gives us the construction of 
Kur3 en (G/T, J), that is to say: 

Theorem 6.9. We suppose the condition (C r ) holds for any r G N. We have an analytic 
embedding of Kur 9en (G/T, J) into Kur" en ((C n x N)/(T' x T"),J) as 



Kur3 en (G/T,J) 



{t =(ti,..., t u 0, . . . , 0)| \t\ < 5, H[<j>{t) • 0(t)] = 0} 



x Ar)/(r x r") 



By theorem 14.41 we have: 



{t=(t 1 ,...,t k )\\t\<5, H . </>(*)] = 0}. 



Corollary 6.10. FFe suppose the condition (C r ) holds for any r G N. Suppose (N, Jjv) is a 
complex v-step nilpotent Lie group. Then 5 — 00 anc? Kur gen (G/T, J) is cut out by polynomial 
equations of degree at most v. 



Remark 5. We consider the following condition: 
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(XV) For reN, for any J, L C [to] with | J| + |£| < r, (/9j X 7i)| r = 1 if and only if aj^ 1 = 1. 
If the condition 2? r holds, then for p,q *E N with p + q < r we have 

Hence we have Cp C dG*($,J). This implies that </>(u) € Kur ext (G/T) gives a left-invariant 
generalized complex structure on G/T. We have: 

Theorem 6.11. Suppose that the condition (D2) holds. Then any deformation of the generalized 
complex structure J is equivalent to a generalized complex structure on G/T which is induced 
by a left- invariant generalized complex structure on G. 

7. DGAS OF COMPLEX PARALLELIZABLE SOLVMANIFOLDS 

7.1. DGA. Let G be a simply connected rt-dimensional complex solvable Lie group. Denote by 
g+ (rcsp. g_) the Lie algebra of the left-invariant holomorphic (anti-holomorphic) vector fields 
on G. As a Lie algebra we have an isomorphism g + = g_ by the complex complex conjugate. 
Let N be the nilradical of G. We can take a simply connected complex nilpotent subgroup 
C C G such that G — C ■ N (see [Hj). Since C is nilpotent, the map 

Cb c^ (Ad c ) s G Aut(g+) 

is a homomorphism where (Ad c ) s is the semi-simple part of Ad s . Denote by /\ g+ (resp. f\ Q*_) 
the sub-DGA of (A*>°,d) (resp. (A '*, 8) which consists of the left-invariant holomorphic (anti- 
holomorphic) forms. As a DGA, we have an isomorphism between (Afl+j<9) an d (f\Q*-,8)) 
given by the complex conjugate. 

We have a basis Xi, . . . , X n of g + such that (Ad c ) s = diag(ai (c), . . . , a„(c)) for c e C. Let 
xi, . . . ,x n be the basis of gl which is dual to Xi, . . . , X n . 

Theorem 7.1. ([131 Corollary 6.2 and its proof]) Let S r be the subcomplex of (A°>* (G/T), 8) 
defined as 

Bt (a/^ 7 (a/)| r X ) ' 
77ien i/ie inclusion C A 0, *(G/F) induces an isomorphism 

H*(B*)=H°-*(G/T). 

By this theorem we prove: 
Theorem 7.2. VFe consider the subspace 

C™ = f\Q + ®B q T 

of A°'i(G/T,/\ p T h0 G/T). Denote Cf = p+g=r C^ 9 . TTien C* is a su&DG4 ofdG*{G/T,J) 
and the inclusion induces a cohomology isomorphism. 

Proof. By Theorem O the inclusion Cp* C A°-*{G/T, /\* T h0 G/T) induces a cohomology 
isomorphism 

f\ Q+ ®H*(B£)^/\ Q+ ® H°'*(G/T). 

Hence it is sufficient to show that Cf is closed under the Schouten bracket. 
For any X G g + , we have 

X(a7 1 ) = aj 1 aidaJ l (X). 
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Since aida I 1 is left-invariant, a l 1 aida I (X) is constant. Hence for some constant c, we have 



X(a} 



ca 



i 



Since aj and a;/ G f\ g* are anti-holomorphic, we have 

/ a/ _ \ aj _ 
Lx — ^/ = c — X/. 



OLi ) ai 

Hence <S> -Bp ^ s dosed under the Schouten bracket. □ 

7.2. Holomorphic poisson cohomology. Since the incluion G r '* C A°-*(G/T, f\* Ti^G/T) 
induces a <9-cohomology isomorphism, by Lemma 15.11 we have: 

Theorem 7.3. Let ji G Gp° be a holomorphic poisson bi-vector field. Then the inclusion Cp* C 
A '* (G/r, f\* Ti^G/T) induces an isomorphism between the total cohomology of the double com- 
plex (G r '*, 3, and the total cohomology of the double complex (A '* (G/r, /\* Ti^G/T), 3, 
Hence total cohomology of the double complex (G r '*,d, is isomorphic to H(G/T,n). 

7.3. Generalized deformation. We consider the Hermitian metric 

g — ^ XiXi . 

Then for xi^fjXj € Afl+ ® -^r> smce G is unimodulor, we have 

/ - \ a J - ^J' A t->* 

*„(x/ A — ^xj) = xj, A -^-xji = xj, A — ij- G /\ g , ® i/ r 
aj aj aj< ' x 

where J' and J' are complements of / and J respectively. Hence we have * g (/\g* + <8> S r ) C 
A 0+ ® -Bf . For the basis Xi, . . . X n , x\, . . . x n , the complex structure on G is 

J = V^i^iXi ® ^i) - \/^T^(Xi ® Xi). 

and this gives the generalized complex structure 

J = V^l^2(X t ® Xi + Xi <g> Xj) - \/^T^(Xi ® Xj +Xi <g) X,). 
By theorem 17.21 as the last section, we have: 

Corollary 7.4. Any deformation of the generalized complex structure J is equivalent to 

J = V=lJ2( X i ® X * + ® - V /Z T^]((^) f ® (Xif + X| ® Xf). 

for some e G Gp where we write E e — E + i^e /or E € Lj. 
We consider the following condition: 

(£ r ) For r G N, for any / C [n] with |/| < r, ( g 2 - J = 1 if and only if a/ = 1. 

V J / | r 

If the condition (£ r ) holds, then for p < r, we have 

B q T = (xi\ ai = 1, \I\=q) 
and hence we have -Bp C /\ p gl. Thus we have: 

Theorem 7.5. Suppose that the condition (£2) holds. Then any deformation of the generalized 
complex structure J is equivalent to a generalized complex structure on G/T which is induced 
by a left-invariant generalized complex structure on G. 
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Example 3. Let G = C C 2 such that 

m = ( o e t ) • 

Then we have a + y— 16, c + \/— Id G C such that Z(a + y/— lb) + Z(c + \] — Id) is a lattice in 
C and <fi(a + \/— 16) and 0(c + -\/— Id) are conjugate to elements of SX(4,Z) where we regard 
5L(2,C) c SX(4,K) (see [TO]). Hence we have a lattice T = (Z(a+ y/^lb)+Z(c+y/^Td)) K r" 
such that r" is a lattice of C 2 . 

We take C = C. For a coordinate (zi,z 2 , Z3) G Cix^C 2 , we have the basis e Zl e -21 ^ 
of g + such that (Ad( 2l J s = diag(l, e* 1 , e~ Zl ). 

If 6 G" 7rZ or c ^ 7rZ, then the condition (£ 2 ) holds and we have 

Bl = (dzi), 
B\ = (dz 2 A dz 3 ), 
= (dzi A dz 2 A dz 3 ). 

If 6 G 7rZ and c G 7rZ, then (£2) does not hold. It is known that there exists a small 
deformation of J which can not be induced by a G-left-invariant complex structure on G (see 
[TO], [TO]). 

8. DGAS OF SYMPLECTIC SOLVMANIFOLDS 

Let G be a simply connected solvable Lie group with a lattice L and the Lie algebra of G. 
Let n be the nilradical of g. There exists a subvector space (not necessarily Lie algebra) V of 
so that q = V © n as the direct sum of vector spaces and for any A, B G V (ad,t)s(-B) = 
where (adA) s is the semi-simple part of ad^ (see [7] Proposition HI. 1.1]). We define the map 
ad s : — > D(g) as &d s A+x = (adA)s for A G V and X G n. Then we have [ad s (0), ad s (0)] = 
and ad s is linear (see [7] Proposition HI. 1.1]). Since we have [0,0] C n, the map ad s : — > D(g) 
is a representation and the image ad s (0) is abelian and consists of semi-simple elements. We 
denote by Ad s : G — > Aut(0) the extension of ad s . Then Ad s (G) is diagonalizable. 

Let T be the Zariski-closure of Ad s (G) in Aut(0c). Denote by Char(T) the set of all 1- 
dimensional algebraic group representations of T. Set 

C r := {/3 oAd s E Horn (G;C*) \/3 € Char(T), ((3 o Ad s )| r = l} . 

We consider the DGrA 

a£C r 

of A*(G/T). By Ad s (G) C Aut(flc) we have the Ad s (G)-action on the DGrA QeCr a ■ f\g* c . 
We denote by A^ the space consisting of the Ad s (G)-invariant elements of (J) Q(ECr a ■ f\ C . Now 
we consider the inclusion A^ C A*(G/T) of 

Theorem 8.1. ([11] Corollary 7.6]) The inclusion 

A* r c A*(G/T) 

induces a cohomology isomorphism. 

Let X\, • • • , X n be a basis of 0c such that Ad s is represented by diagonal matrices. Then we 
have Ad S gXi — ai(g)Xi for characters on of G. Let x\, . . . ,x n be the dual basis of X\, . . . , X n . 
Then the sub-DGrA A^ of the de Rham complex A* C {G/T) is given by 

AP I 1 C N) \ 

A'f = ( aixi , \ 1 ) • 

\ ("/ |r = 1 / 
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We prove: 

Theorem 8.2. Let to be a symplectic structure on G/T. We assume lu G Ap. Then is a 
subDGA of dG*(G/T,Lu) and the inclusion Ap C A^(G/T) induces a cohomology isomorphism. 

Proof. By Theorem 18. 11 it is sufficient to show that Ap is closed under the bracket 
We define the subspace A* c A* C {G) as 

A* = /\(aixi, . . .,a n x n ). 

Since we have A* C (G/T) = A* c (G'f , we have A* r = A* n A* c (G) r where A* c (G) r is the space of 
F-invariant differential forms. Then A* is a sub-complex of A^(G) and we have an isomorphism 
(A*,d) = (/\u.Q,d) for some nilpotent Lie algebra ug (see [Til Proof of Lemma 5.2]). 
We define the subspace D* c G°° (G, A TG) ®Cas 

D* = /\(a[ 1 X 1 ,...,a£ 1 X n ) 

We denote Df = D* n (G°°(G, A TG)) r . Then D* is dual to A* and so D* with the Schouten 
bracket is isomorphic to the Gerstenhaber algebra A U G- By this Dp is closed under the 
Schouten bracket. 

Let lu G A* be a symplectic form. Then uj is a symplectic bi-linear form on the linear space 
(a.i Xi, . . . , a~ x X n ). Hence we have the map to : D* — > A*. Since D* is closed under the 
Schouten bracket, A* is closed under the bracket 

Suppose w G ^c( G / r ) = A c( G ) r - Then we have w : (C°°(G, A TG)) r -> A£(G) r and hence 
we have w : Dp — > Ap. Since Dp is closed under the Schouten bracket, the theorem follows. 

□ 



9. Formality and weak mirror symmetry 

Corollary 9.1. Let G = C" C m with a semi-simple unimodular action cj> : C" — > GL m (C) 
(not necessarily holomorphic). We suppose G has a lattice T. Consider the Hermitian met- 
r * c 9 = ^dzidzi + ^2 a~ a~ dwiduii. Then H*(G/T,J) is a sub-DGA of dG*(G/T,J). In 
particular, S — oo and Kur gen (G/T, J) is cut out by polynomial equations of degree at most 2. 

Proof. We have a coordinate z\, . . . , z„, Wi, . . . , w m of C" C m such that 

0(2i,...,z„)(«7i,...,w m ) = (aiwi, . . . ,a m w m ) 

where eti are G°° -characters of C". 

We take unitary characters Pi and 7$ such that Qfi/3" 1 and ol^~ 1 are holomorphic. We define 
the subspace 

r*« I d a fl-i 9 a— i a- \ I \ + \ K \=V, |J| + |L| = g \ 

C v = { TT~ A a jPj a — ®dz K Aa L L j L dw L \ i > 

J <9wj ^ (PJ7i)| r = 1 / 

of A°' q (G/T, /\ p T^G/T). WedenoteG^' = ® p+9=fc G^ 9 . Then Gp is a sub-DGA of dG* (G/T, J) 
and the inclusion Gp C A* induces a cohomology isomorphism. The operator d on Gp is 0. 
For the C-anti-linear Hodge star operator 

p n+m—p 

*:A°- q {G/T,/\T lfi GlT)^A Q - n+m - q (G/T, f\ T lfi G/T) 



DIFFERENTIAL GERSTENHABER ALGEBRAS OF SOLVMANIFOLDS 



17 



wc have 



d x d 



A ajPj 1 - — <g> dz K A a L l ~f L dw L ) 

OZl OWj 



d d , , i _ , _ 

A a[ m ]_j/£(j ® dz[ n ] A dw [m ] A dz [n] _ K A a^^di^,, 



Since we have ot\ m ]-j = ctT 1 by unimodularity we have 

— Aa /T 1 — 
v <9z/ J dwj 

Hence we have *<9*(Gp) = and the corollary follows. □ 
We consider 



d (*(— A a Jl 3 j 1 a — ®dz K Aa L l ^ L dw L )) = 0. 



(dzi A dwj A dzK A diUL (ajctL)| r = 1^ • 



Suppose G/T has a symplectic form u> such that u E A 2 . Then by Theorem l8.2l A* is a subDGA 
of dG*(G/T,u) and the inclusion A* C dG*(G/T,uj) induces a cohomology isomorphism. As 
the proof of Theorem 18.21 considering 



,, ,9 d d d 
^^(tt-A^— A — A — 

azj Owj ozk owl 



{otja L )\ 



then we have an isomorphism Dp = Ap of DGAs and hence the bracket on the DGA ^4p 
is 0. 

We have: 

Theorem 9.2. Let G = C™ X0 C m wii/i a semi-simple unimodular action cj) : C n — > GL m (C) 
(not necessarily holomorphic) . We suppose G has a lattice T. We assume the condition (C r ) 
in Remark^ holds for any r G N. Then we have 

• H*(G/T, J) is a sub-DGA ofdG*(G/T, J) with trivial brackets. In particular, Kur3 en (G/T, J) 
is smooth. 

• Let /! G Cp : ° be a holomorphic poisson bi-vector field. Then the holomorphic poisson 



cohomology H*(G/T,/j,) is isomorphic to the Dolbeault cohomology H*(dG* (G/T, J)). 

• We assume G/T admits a symplectic structure ui andcu G A\. Then the DGAs dG*(G/T, J) 
and dG* (G/T,uj) (§5 C are quasi- isomorphic. 



Proof. We have 



CT'' = ( ~Jr~ A "7T~ A dz K A dw L 

. OZl OWJ 



\K\=p, \ J\ + \L\ = q 
{atja L )\ T = 1 



Hence the first assertion follows. 

Fo 
write 



For a a holomorphic poisson bi-vector field [i G C r ' , since C p,q is written as above, we can 



x d d 



|/| + |,7|=2 J 

for a/j G C. Then the operator [[/,•] : Gp'* — > Gp'* +1 is trivial. Hence the second assertion 
follows. 

We assume G/T admits a symplectic structure w and ui G Ap. Then we have A^ = Gp and 
the two DGAs have the trivial bracket. Hence the second assertion follows. □ 
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Example 4. Let G = C x C 2m such that 

4>{x + \f-iy)) = diag(e ai2 \ e~ aiX , e a ™ x , e" 
for integers a* 7^ 0. Then we have a left-invariant pseudo-Kahler structure 



cj = \/—ldz A dz + \^(dw2i-i A c?i«2i + dw^i-i A dw2ij- 
1=1 

We have /3 2l _i = e^^^^, /3 2i = e 2a ^^y. We can write G = R x (R x C 2m ). G has a 
lattice r = tZ x A where A is a lattice R x^ C 2 ™ 1 for i > 0. Then B p ' q varies for the choice 
t > 0. Consider the case £ 7^ ^ir for any r, s € Z. Then the condition (C r ) in Remark |4] 
holds for any r G N. Hence any small generalized deformation is a left-invariant generalized 
complex structure on G/T, Kur9 en {G/Y, J) is smooth and dG*(G/T, J) and dG*(G/F,w) ® C 
are quasi-isomorphic. 

Consider the new Lie group G" = C x G and its lattice L' = (aZ + b\J —YE) x L. We have a 
holomorphic poisson bi- vector field 



dz dz' 8w2i-x dw2i 

2 — 1 

which is given by a holomorphic symplectic form for a coordinate z' of the additional C. Then 
we have 

H* (G' /V , fj.) = H*(dG*(G' /T',J). 

Example 5. Consider G = C" x C 2ll+2 such that 

4>{zx, ...,z n ) = diag(e^ , . . . , e »», e -*i--»« , e -«i , . . . , e -», e »i+-+*») 

for complex coordinate 

(zi = xi + V^lyi, ...,z n = x n + y/^ly n ,wi, . . . , tu n+ i> w n+2l . . -,w 2n +2) 

. Then we have the pseudo-Kahler structure 

0J = dzi A dzi + A dw n+ i + i + dwi A dw n +i+i- 

By a totally real algebraic number field K with degree n+1, we have a lattice L = (F^ +L 2 ) x F" 
where Y\ is a lattice of R" C C" which is constructed by the group of the units of algebraic 
integers in K (see [35]) and Y' 2 is a lattice of y^lR" C C". 

(/3l, . . . , /3 n , /3 n+ i, /3„ +2 , . . . , ^2n+l)^2ra+2) 

_ (' e v /3 Ti/i gV^Ti/n g-v^Tj/i v^Tyn g — n/^vi e -^/=Ty„ gV^Tj/H l-v^y™) 

By this we can take Y' 2 such that We assume the condition (C r ) in Remark |4] holds for any r € N. 
For example, F' 2 = V^TZ™. Hence for such F, Kur gen {G/Y, J) is smooth and dG*(G/Y 1 J) 
and dG* (G /Y , ui) ® C are quasi-isomorphic. 

Remark 6. In 9 , Hasegawa showed that a simply connected solvable Lie group G with a lattice 
r such that G/r admits a Kahler structure can be written as G = R 2fe x^ C l such that 

• • • , = (e^'^x, . . . , e^^z,). 

where each e v/ ~ Te i is a root of unity. In particular if G is completely solvable and a solvmanifold 
G/T admits a Kahler structure, then G is abelian. Hence Example 0] and Example [SJ do not 
admit Kahler structures. 
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